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Grammaticos Quispel singul-arity confine-
ment (SC)
[9]
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6 $(P_{I^{-}}P_{VI})$ $[10]_{\backslash }$ SC Pl-Pv
$(dP_{1^{-}}dP_{V})$ [11] SC
$dP_{I}$ $dP_{II}$ matrix model
$[12- 14]$
5 4
$dP_{I}$ : $w_{n+1}+w_{n}+w_{n-1}= \frac{an+b}{w_{n}}+c$ , (1)
$dP_{\Pi}$ : $w_{n+1}+w_{n-1}= \frac{(an+b)w_{n}+c}{1-w_{n}^{2}}$ (2)
$dP_{III}$ : $w_{n+1}w_{n-1}= \frac{\alpha w_{n}^{2}+\beta\lambda^{n}w_{n}+\gamma\lambda^{2n}}{w_{n}^{2}+\delta w_{n}+\alpha}$ , (3)
$dP_{IV}$ : $w_{n+1}w_{n-1}+w_{n}(w_{n+1}+w_{n-1})$
$= \frac{-(an+b)w_{n}^{3}+(d-\frac{1}{4}(an+b)^{2})w_{n}^{2}+m}{w_{n}^{2}+(an+b)w_{n}+(c+\frac{1}{4}(an+b)^{2})}$ . (4)
$w_{n}$ $n$
$[11]$ Lax

















$\frac{d^{2}}{dx^{2}}\tau_{N}\cdot\tau_{N}-(\frac{d}{dx}\tau_{N})^{2}=\tau_{N+1^{\mathcal{T}}N-1}$ , $N=0,1,2,$ $\cdots$ , (8)
[18]
[6]
$\tau_{N}(n+2)\tau_{N}(n)-\tau_{N}(n+1)^{2}=\tau_{N+1}(n+2)\tau_{N-1}(n)$ , $N=0,1,2,$ $\cdots$ , (9)
$\tau$
$\tau_{N}(n)=|\begin{array}{llll}f_{n} f_{n+1} f_{n+N-1}f_{n+1} f_{n+2} f_{n+N}\vdots \vdots \ddots \vdots f_{n+N-1} f_{n+N} f_{n+2N-2}\end{array}|$ , (10)
2
$w_{n+1}+w_{n-1}= \frac{(\alpha n+\beta)w_{n}+\gamma}{1-w_{n}^{2}}$ , (11)
$\alpha=2p$ , $\beta=(2N-1)p+2q$ , $\gamma=-(2N+1)$ , (12)
$\tau_{N}^{n}=|\begin{array}{llll}A_{n} A_{n+2} A_{n+2N-2}A_{n+1} A_{n+3} A_{n+2N-1}| | |A_{n+N-1} A_{n+N+1} \cdots A_{n+3N-3}\end{array}|$ , (13)
22
$w_{n}= \frac{\tau_{N+1}^{n+1}\tau_{N}^{n}}{\tau_{N+1}^{n}\tau_{N}^{n+1}}-1$ , (14)
$A_{n}$
$A_{n+2}=2A_{n+1}-(pn+q)A_{n}$ . (15)
(15) (7) $A_{n}$ Airy
(13) 1 2
\mbox{\boldmath $\tau$}





$w_{n+1}= \frac{a_{n}w_{n}+b_{n}}{c_{n}w_{n}+d_{n}}$ , (16)
$dP_{II}$ $w_{n}$








$w_{n}= \frac{G_{n+1}}{G_{n}}-1$ , (20)
(19) (15) (20)
$N=0$
$N\cross N$ $dP_{II}$ (12) (13)$-(15)$






$v_{N}^{n}= \frac{\tau_{N+1}^{n}}{\tau_{N}^{n}}$ , $u_{N}^{n}= \frac{\tau_{N}^{n}\tau_{N^{+3}}^{n}}{\tau_{N}^{n+1}\tau_{N}^{n+2}}$ , (24)
(21)$-(23)$





(25)$-(27)$ $u_{N}$ $v_{N-1}$ $w_{n}$
$w_{n}= \frac{v_{N}^{n+1}}{v_{N}^{n}}-1$ , (28)
$dP_{II}(11),$ (12)
\mbox{\boldmath $\tau$} (13) bilinear form (21)$-(23)$
(Pl\"ucker relation, Jacobi identity) $t_{-)}^{arrow}$ Jacobi
identity $D$ $D(\begin{array}{l}ij\end{array})$ $DB\backslash$ $i$ $j$
Jacobi identity
$D(\begin{array}{l}i1j\end{array})D(\begin{array}{l}kl\end{array})-D(\begin{array}{l}il\end{array})D(\begin{array}{l}k1j\end{array})=DD(\begin{array}{ll}i kj l\end{array})$ , (29)
(21) Jacobi identity $\tau_{N+1}^{n-1}$ $D$ $i=j=1$ ,
$k=l=N+1$ (21) (29) (13) (21)
(22) (23) $\tau_{N}^{n}$
$\tau_{N}^{n}=|\begin{array}{lllll}A_{n} A_{n+2N-4} -2A_{n+2N-3}(p(n +2N -4)+q)A_{n+2N-4}A_{n+1} A_{n+2N-3} 2A_{n+2N-2}-(p(n +2N -3)+q)A_{n+2N-3}\vdots \vdots \vdots A_{n+N-1} A_{n+3N-5} 2A_{n+3N-4}-(p(n +3N -5)+q)A_{n+3N-5}\end{array}|$
$=|\begin{array}{lll}A_{n} A_{n+2N-4} 2A_{n+2N-3}A_{n+1} A_{n+2N-3} 2A_{n+2N-2}-pA_{n+2N-3}\vdots \vdots \vdots A_{n+N-1} A_{n+3N-5} 2A_{n+3N-4}-(N-1)pA_{n+3N-5}\end{array}|$
$=|\begin{array}{lll}A_{n} 2A_{n+1} 2A_{n+2N-3}A_{n+1} 2A_{n+2}-pA_{n+1} 2A_{n+2N-2}-pA_{n+2N-3}\vdots \vdots \vdots A_{n+N-1} 2A_{n+N}-(N-1)pA_{n+N-1} 2A_{n+3N-4}-(N-1)pA_{n+3N-5}\end{array}|$
24
$=2^{N-1}|\begin{array}{lll}B_{n}^{(0)} A_{n+1} A_{n+2N-3}\vdots \vdots \vdots B_{n}^{(N-1)} A_{n+N} A_{n+3N-4}\end{array}|$ . (30)
$B_{n}^{(h)},$ $k=0,1,$ $\cdots$ ,
$B_{n}^{(0)}=A_{n}$ , $B_{n}^{(k)}=A_{n+k}+ \frac{kp}{2}B_{n}^{(k-1)}$ for $k\geq 1$ (31)
$(pn+q)\tau_{N}^{n}=2^{N-1}|\begin{array}{llll}A_{n+1} B_{(1)}^{(0)}B_{n+2}^{n+2} A_{n+3} A_{n+2N-3}A_{n+2} \vdots A_{n+4} A_{n+2N-2}| \vdots | A_{n+N} B_{n+2}^{(N-1)} A_{n+N+2} A_{n+3N-4}\end{array}|$ , (32)
$0=|^{t_{1}}-----\prime_{t_{1}^{t^{------------------------------------------}}}||_{11_{1_{1}1_{1}}}^{1}|1_{1}|_{1}|_{1}|$ . (33)
$j’=(\begin{array}{l}A_{n+j}A_{n+j+1}\vdots\end{array})$ , $j”=(B_{(.’..1)}^{(0)}B_{n+j}^{n+j})$ , $\phi=(\begin{array}{l}0\vdots 01\end{array})$ (34)
(33)
$0=|-1,0’,$ $1,$ $\cdots,$ $2N-5|\cross|1,$ $\cdots,$ $2N-5,2N-3,$ $\phi|$
$-|-1,1,$ $\cdots,$ $2N-5,2N-3|\cross|0’,$ $1,$ $\cdots 2N-5,$ $\phi|$
$+|-1,1,$ $\cdots,$ $2N-5,$ $\phi|\cross|0’,$ $1,$ $\cdots,$ $2N-5,2N-3|$ , (35)
Pl\"ucker relation ( ) (30),(32) $\tau$
$0=(p(n-2)+q)\tau_{N}^{n-2}\tau_{N-1}^{n+1}-2\tau_{N}^{n-1}\tau_{N-1}^{n}+\tau_{N}^{n}\tau_{N-1}^{n-1}$ , (36)




$w_{n+1}w_{n-1}= \frac{\alpha w_{n}^{2}+\beta\lambda^{n}w_{n}+\gamma\lambda^{2n}}{w_{n}^{2}+\delta w_{n}+\alpha}$ , (37)
25
$P_{III}$
$\frac{d^{2}u}{dx^{2}}=\frac{1}{u}(\frac{du}{dx})^{2}-\frac{1}{x}\frac{du}{dx}+\frac{1}{x}(\alpha u^{2}+\beta)+\gamma u^{3}+\frac{\delta}{u}$ , (38)
$\alpha=2\nu-2N,$ $\beta=2\nu+2N+2,$ $\gamma=1,$ $\delta=-1$ \mbox{\boldmath $\tau$}
$\tau_{N}^{\nu}=|\begin{array}{llllll}J_{\nu} D J_{\nu} D^{N-1}J_{\nu}D D^{2}J_{\nu} \vdots J_{\nu} D^{N}J_{\nu}\vdots \vdots \ddots \vdots D^{N-1}J_{\nu} D^{N} J_{\nu} D^{2N-2}J_{\nu}\end{array}|$ , $D=x \frac{d}{dx}$ , (39)
$u=( \log\frac{\tau_{N}^{\nu+1}}{\tau_{N+1}^{\nu}})_{x}-\frac{\nu+N}{x}$ , (40)
[18] $J_{\nu}$ \mbox{\boldmath $\nu$} Bessel $dP_{III}$
Bessel
Riccati $w_{n}$
$w_{n+1}=- \frac{aw_{n}+\lambda^{n}}{w_{n}+d}$ , (41)
$dP_{III}$ $w_{n}=-F_{A}$
$G_{n}$






$w_{n}= \frac{J_{\nu}(n+1)}{J_{\nu}(n)}-q^{\nu}$ , (45)
$dP_{ID}$
$w_{n+1}w_{n-1}= \frac{\alpha w_{n}^{2}+\beta w_{n}q^{2n}+\gamma q^{4n}}{w_{n}^{2}+\delta w_{n}+\alpha}$ , (46)
$\alpha=-1,$ $\beta=(q^{\nu}-q^{-\nu-2})(1-q)^{2},$ $\gamma=\frac{(1-q)^{4}}{q^{2}},$ $\delta=q^{\nu}-q^{-\nu}$ , (47)
26
(44) $q=1+\epsilon,$ $n= \frac{z}{\epsilon}$ $\epsilonarrow 0$
(44)
$\frac{d^{2}J_{\nu}}{dz^{2}}+(e^{2z}-\nu^{2})J_{\nu}=0$ . (48)
(48) $zarrow x=e^{z}$ $\nu$ Bessel
(44) Bessel
(44) (47) $\nu$ q-integer
(44) q-Bessel
$N\cross N$ $\tau$
$\tau_{N}^{\nu}(n)=|\begin{array}{llll}J_{\nu}(n) J_{\nu}(n+2) J_{\nu}(n+2N -2)J_{\nu}(n+1) J_{\nu}(n+3) J_{\nu}(n+2N -1)\vdots \vdots \vdots -J_{\nu}(n+N1) J_{\nu}(n+N+1) J_{\nu}(n+3N -3)\end{array}|$ , (49)
$dP_{II}$ $w_{n}$
$w_{n}= \frac{\tau_{N+1}^{\nu}(n+1)\tau_{N}^{\nu+1}(n)}{\tau_{N+1}^{\nu}(n)\tau_{N^{+1}}^{\nu}(n+1)}-q^{\nu+N}$ , (50)
$w_{n}$ $dP_{III}(46)$
$\alpha=-q^{4N}$ , $\beta=(q^{\nu+N}-q^{-\nu-N-2})q^{8N}(1-q)^{2}$ ,
(51)
$\gamma=q^{2(6N-1)}(1-q)^{4}$ , $\delta=(q^{\nu-N}-q^{-\nu+N})q^{2N}$ ,
$dP_{II}$ 1 (50)

























Bessel (45) $narrow x=q^{n}$
$J_{\nu}(q^{2}x)-(q^{\nu}-q^{-\nu})J_{\nu}(qx)+\{1+(1-q)^{2}x^{2}\}J_{\nu}(x)=0$ , (60)
(60) q-Bessel
$w(qx)w(q^{-1}x)= \frac{\alpha w(x)^{2}+\beta x^{2}w(x)+\gamma x^{4}}{w(x)^{2}+\delta w(x)+\alpha}$ , (61)
(61)
$\alpha=-q^{4N}$ , $\beta=(q^{\nu+N}-q^{-\nu-N-2})q^{8N}(1-q)^{2}$ ,
(62)





$w_{n}= \frac{\tau_{N+1}^{\nu}(qx)\tau_{N}^{\nu+1}(x)}{\tau_{N+1}^{\nu}(x)\tau_{N}^{\nu+1}(qx)}-q^{\nu+N}$ , (64)
$J_{\nu}(x)$ $\nu$ q-Bessel








$L,$ $M$ $3\cross 3$ (67) (61)
(61) q-Bessel
Lax pair $q$- $qarrow 1$ PIII
(61) $P_{III}$











, $dP_{II},$ $dP_{III}$ $[16,24]$
?
$\bullet$
$\bullet$ , $dP_{I}$ , “Toda molecule





$\bullet$ \mbox{\boldmath $\tau$} Hamilton
[18] $\tau$
Hamilton
$\bullet$ 1 2 matrix model
q-deformation
matrix model q-deformation $[25]$
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